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iii {℄ Heisenberg- VirasoroVA L1A_ CUW {Lm, Im, CL, CI , CLI |m ∈
Z} <'nN:




[Im, In] = nδn,−mCI ,
[Lm, In] = nIm+n + δn,−m(m
2 −m)CLI ,
[CL,L] = [CI ,L] = [CLI ,L] = 0, Z-
M LieVA. UUe$k*6Q A(a, b, c), A(a, d), B(a, d), U(d), V (d), Ũ(d)< Ṽ(c) .2	 LieVA<Q℄!1 Lie%?=7^. ~2	℄ Heisenberg-
Virasoro VAk*6Q℄!. R V '+Q, Hf5M[ n 6= 0 #L0 _
Vn RU℄!ÆtW℄!{aF H1(L0, Vn) = 0+RQgWpHM5[
∀m 6= n #, HomL0(Lm, Vn) = 0H+R















Twisted Heisenberg-Virasoro Lie algebra L is a vector space over the complex
field C with a basis {Lm, Im, CL, CI , CLI |m ∈ Z} and following Lie brackets:
[Lm, Ln] = (n−m)Lm+n +
m3−m
12
δn,−mCL, [Im, In] = nδn,−mCI
[Lm, In] = nIm+n + δn,−m(m
2 −m)CLI , [CL,L] = [CI ,L] = [CLI ,L] = 0.
It is a Z−graded Lie algebra with seven classes of indecomposable modules of the
intermediate series: A(a, b, c), A(a, d), B(a, d), U(d), V (d),U(d) and V(c).
The study of derivations of Lie algebras is an important topic in the studying
of Lie theory, and so does the derivations of modules over a Lie algebra. In this
paper, we study the derivations from the twisted Heisenberg-Virasoro Lie algebra to
its modules of intermediate series. We suppose that V is a module of intermediate
series, and we show that all of the derivations from L0 into Vn are inner derivations
for n 6= 0. This implies H1(L0, Vn) = 0. We also prove that HomL0(Lm, Vn) = 0 for
m 6= n. Finally by computing the degree zero derivations and applying a result from
[27], we obtain the derivations from the twisted Heisenberg-Virasoro Lie algebra to
its seven classes modules of intermediate series.














|w 1 yp=4k(K=C& Jacobi e)x=C&nN}4k2g}C&nN=i$?=A,z$=t Lie VA. Lie VA1VA,7
iE=ts$L~ifX^rA,h S. Lie p 19 /gCd2	2+$L~#K=A,\.Lie VA}=℄1 1934 ZT H.
Weyl K.O#klLie VApA,C`(k/,<4!/,h{2w._ 20 /g 80 ZVLie VA2o%{t~?^&HUK1U~%?`&VA(y7^ f. Lie VA%?2wa_o<}wf%?\Aj_A,<%?%(y9_.x Lie VA2	A2op2	 Lie VAF5Ay\U,0VAz$
 Lie ZVALie CVAPossion VALie ;VALie ColorVAHopf VALeibniz(;) VA+x= (;) VAJordan VA"#VA4! (;) ~4!VAoj (N!) VAe. Lie VAp(?,A?ZiN!%?4!OX5BeA,
C`%,4!9%?sU7MR




Z} (?v Lie VAUW {xn = tn+1 ddt |n ∈ Z}, nC&tL,
[xn, xm] = (m− n)xm+n.
Witt VA=v"y#? Lie VA=t Virasoro VA~R V ir '+b V ir = W ⊕ CCUW {xn, C|n ∈ Z}, C&
	tL,:
[xn, xm] = (m− n)xm+n +
n3 − n
12
δn,−mC, m, n ∈ Z, [C, V ir] = 0.













|w 2~ [2] pH Harish-Chandra Q1UUvAyk
{ V ir- Qp,X Virasoro VAz$\'+2	Mathieu p (~ [2]) WIF5,X
Virasoro VA2i'+o{
$- (~ [3])M5 Virasoro VAykvAU2iQ
U$byQgyQ<k*6Q. f$k*6Q A(a, b)A(α) < B(β) 1ykvAt=v2
{ Harish-ChandraQ. ~ [4] F5 Virasoro VAW Harish-Chandra QMartin < Piard 2	5 Virasoro VAyk=U}2
{Q (~ [5][6]). Mazorchuk <zMp 2007 Zx Virasoro VAU=ykvAU (> 0) XQ$2	M5}$QEykvAs1U (~ [7]). ~ [8] +RgnI2	5ApW Harish-Chandra Q Virasoro VAgn~e.
Heisenberg Lie VAUW {In, CI |n ∈ Z}nC& Lie ,:
[Im, In] = nδn,−mCI ,






+ g(t)|n ∈ C[t, , t−1]}R? Lie VA|gnk=0.-tA_ C 4k, ℄ Heisenberg- Virasoro Lie VA L UW
{Lm, Im, CL, CI , CLI |m ∈ Z}-nC&	K Lie nN:




[Im, In] = nδn,−mCI ,
[Lm, In] = nIm+n + δn,−m(m
2 −m)CLI
[CL,L] = [CI ,L] = [CLI ,L] = 0.TX Virasoro VA7&Z UAy\ Virasoro VAz$<'+Im,U Virasoro VAz$<'+l/-
y Virasoro VA (~
[10]-[14]), Virasoro-like VA`f q- $K (~ [15]-[16]) -Virasoro Lie VA (~
[17])℄ Heisenberg-Virasoro Lie VA (~ [18] -[23]) ee. f~ [19] pH5℄














V (d), Ũ(d) < Ṽ(c). x= Lie VA℄! Lie VA2	1'%?=7^p2	HfCTK{a_! Lie VAWC5{_ Lie VAp(pHDU`F (y[&. AyVA℄!VAA/2	
~ [22] F5℄ Heisenberg-Virasoro Lie VA℄!7"eF5 Witt LieVA℄! (~ [24])qO/<61rp~ [25] 2	5v Heisenberg VA℄!VAM`5p~ [26] 2	5[~8_v'VA℄!VAe.Jt! Lie VA2wF} Lie VAz$\'+sUW2	. 
 Lie VAQ℄!e. RCp}K7,-Ay. :_l-j}, ~x℄
Heisenberg-Virasoro VAk*6Q℄!$5Z?.pi=x6Æ, HM*5 LieVA=,%fMHKR~ [2]z?F5 Virasoro VA$k*6Q A(a, b)A(α) < B(β) pHK5~ [27] 7z?-tK% 1.1.4*CH+R
MIZ? A(a, b)A(α)< B(β) 8M℄!.pi|xH6ÆKR5~ [19] z?F5℄ Heisenberg-Virasoro VAe$k*6Q A(a, b, c), A(a, d), B(a, d), U(d), V (d), Ũ(d) < Ṽ(c) pHfMN
Mvv, 
)x a, b, c, d w2g#Z?}e$Q8M℄!{aFf=gn~vA. 7z3
	:GT 2.1.11 oqB; A(a, b, c) h L- Kzl>E C:
(1) T6 a 6∈ Z, 8 b 6∈ {0, 1, 2}, 8 c 6= 0, LH Der(L, V ) = Inn(L, V );
(2) T6 a = c = 0 Q b = 2, LH Der(L, V ) = Cσ ⊕ Inn(L, V );
(3) T6 a = c = 0 Q b = 1, LH Der(L, V ) = Cθ1 ⊕ Cθ2 ⊕ Inn(L, V );
(4) T6 a = c = b = 0, LH Der(L, V ) = Cω1 ⊕ Cω2 ⊕ Cω3 ⊕ Inn(L, V ).GT 2.2.4 Der(L, A(a, d)) = Cω1 ⊕ Cω2 ⊕ Inn(L, A(a, d)), P
 d 6= 0;













|w 4GT 2.7.2 Der(L, Ṽ(c)) = Cω2 ⊕ Cω3 ⊕ Inn(L, Ṽ(c)), P
 c 6= 0;














 0g℄ Heisenberg-Virasoro Lie VA1U? Z- 
M Lie VA, 1 VirasoroVAy. px, H U?
M'VA`fU?
MQ℄!;+R~ [27] , !M5 Virasoro VAk*6Q℄!.
§1.1 sf5K8V<l`Dj L 1 Lie VA, 
3U Z- 




Ln n [Lm,Ln] ⊂ Lm+n,t= L 1 Z- 
M Lie VA.G 1.1.1 Y L h Z- 4" Lie %b, V ` L - K. T6 V = ⊕
n∈Z
Vn, Q0
∀m,n ∈ Z, ~ Lm · Vn ⊂ Vm+n,  V h Z- 4" L - K.G 1.1.2 Y L ` Lie %b, V h L - K, oq}X D : L → V , T60
∀x, y ∈ L , /~ D([x, y]) = x · D(y) − y · D(x),  D h#%b L )K V +y5'.+p 0 6= v ∈ V , pH&P Dv : L → V &a D(x) = x · vt Dv 1
L - Q V ℄!, =tW℄!. e Der(L , V ) t V RU℄!R$?4k,
Inn(L , V ) t V RUW℄!R$?4k, H1(L , V ) t V =gn~,tU
H1(L , V ) ∼= Der(L , V )Inn(L , V ). T 1.1.3([27]) Y L `~nZ + Z- 4" Lie %bV ` Z- 4" L - K
Der(L , V ) =
⊕
n∈Z
Der(L , V )n,P
 Der(L , V )n = {D ∈ Der(L , V ) | D(Lm) ⊂ Vm+n}. T 1.1.4([27]) Y V ` Z- 4" L - K, VGÆ:
(1) H1(L0, Vn) = 0, ∀n ∈ Z
×,













-y  ^ 6C	 V ir < L 
)tK4pH Virasoro VA<℄ Heisenberg-Virasoro
Lie VA. , V ir < L s1U? Z- 
M Lie VA, `
	:
1) V ir T {x±2, x1} ?nU
{) V ir = ⊕
n∈Z
V irn, f, V irn(6=0) = Cxn,
V ir0 = spanC{x0, C};
2) LT {L±2, L1, I1}?nU
{) L = ⊕
n∈Z
Ln,f, Ln(6=0) = spanC{Ln, In},
L0 = spanC{L0, I0, CL, CI , CLI}.
§1.2 Virasoro <lPxZ`D V 1UUvyk




Vλ, Vλ = {v ∈ V |x0v = λv}, dimVλ <∞, λ ∈ C.TX"b C pF2
{Q-R1=J4 C|V = hidV , f h ∈ Ct:A. 
3 V 2
{nxRU λ ∈ C U dimVλ ≤ 1, t= V tk*6Q.~ [2]F, V irk*6Qt A(a, b)A(α)< B(β) (f, a, b ∈ C, α, β ∈
C) =, U1UHQ. A(a, b)A(α) < B(β) sUW {vn|n ∈ Z}, `pH
	∀m,n ∈ Z,
(1)A(a, b) : xm · vn = (a + n+ bm)vm+n;
(2)A(α) : xm · vn = (m+ n)vm+n, n 6= 0, xm · v0 = m(1 + (m+ 1)α)vm;
(3)B(β) : xm · vn = nvm+n, m+ n 6= 0, xm · v−m = −m(1 + (m+ 1)β)v0.f C p A(a, b)A(α) < B(β) -Rst 0. T 1.2.1([2]) Y A(a, b)A(α) 7 B(β) ?h V ir- Kzl>E C
(1) A(a, b) ∼= A(c, b) ⇔ a− c ∈ Z, f, A(a, b) ∼= A(0, b) ⇔ a ∈ Z;
(2) A(0) ∼= A(0, 1);
(3) B(0) ∼= A(0, 0).tÆp~ [8] +RgnIF Virasoro VAk*6Q A(a, b)A(α)< B(β) =gn~, {a_}Q℄!. TX Heisenberg-Virasoro Lie VAk*6Q-1 Virasoro VAk*6Q, tK, HN
Mvv!dN Virasoro VAk*6Q℄!.	KÆu V = A(a, b) ℄!. TK% 1.2.1 , [ a ∈ Z #, A(a, b) g$X













-y  ^ 7 T 1.2.2 H1(V ir0, Vn) = 0 , ∀n ∈ Z×.I:  D ∈ Der(V ir0, Vn), t D(x0),D(C) ∈ Vn. x ∀n ∈ Z×, (a+ n) 6= 0, RC
D(x0) = x0 ·
1
a+ n
D(x0).WT C · Vn = 0, U
0 = D[x0, C] = x0 · D(C) − C · D(x0) = (a + n)D(C),N{D(C) = 0 = C · 1
a+n
D(x0) RC D = D 1
a+n
D(x0)
∈ Inn(V ir0, Vn), b
H1(V ir0, Vn) = 0. 2 T 1.2.3 HomV ir0(V irm, Vn) = 0, ∀m 6= n.I ϕ ∈ HomV ir0(V irm, Vn). ∀x ∈ V irm, ϕ(x) ∈ Vn, T ϕ[x0, x] = ϕ(mx) , a
mϕ(x) = ϕ[x0, x] = x0 · ϕ(x) = (a+ n)ϕ(x),RC(a + n−m)ϕ(x) = 0. T m 6= n  a + n−m 6= 0, RC ϕ(x) = 0, ) ϕ ≡ 0.JK HomV ir0(V irm, Vn) = 0. 2z?K% 1.2.2, 1.2.3`K% 1.1.4, Der(V ir, V ) = Der(V ir, V )0+Inn(V ir, V ).	KH= a = 0 < a 6∈ Z 3p#
)Z? Der(V ir, V )0. T 1.2.4 & b 6= 0 ℄0 ∀D ∈ Der(V ir, V )0, ~ D(C) = 0.I ∀D ∈ Der(V ir, V )0, tPpA c0, & D(C) = c0v0 ∈ V0. x ∀m, r D -Rp [xm, C] = 0 3 , a
0 = D[xm, C] = xm · D(C) − C · D(xm) = xm · c0v0 = (a+ bm)c0vm,N{ (a + bm)c0 = 0. Jt b 6= 0, T m F& c0 = 0, RC D(C) = 0. 2 T 1.2.5 & a 6∈ Z ℄Der(V ir, V )0 ⊆ Inn(V ir, V ).I D ∈ Der(V ir, V )0, txF x ∈ V irm U D(x) ∈ Vm. X1U
mD(x) = D[x0, x] = x0 · D(x) − x · D(x0) = (a +m)D(x) − x · D(x0),RC D(x) = x · 1
a
D(x0). T x F&, D = D 1
a
D(x0)
∈ Inn(V ir, V ). JK













-y  ^ 8 T 1.2.6 :. a = 0, b 6= 0, 1, 2  Der(V ir, V )0 ⊆ Inn(V ir, V ).I:  D ∈ Der(V ir, V )0. TK% 1.2.4  D(C) = 0. x ∀m ∈ Z, e D(xm) =
dmvm. T D([xn, xm]) = xn · D(xm) − xm · D(xn) a
(m− n)dm+nvm+n = (m+ bn)dmvm+n − (n+ bm)dnvm+nRC
(m− n)dm+n = (m+ bn)dm − (n+ bm)dn. (2.1)
(1) r n = 0, m = 1 V (2.1) ), a bd0 = 0. TX b 6= 0, RC d0 = 0.
(2) r n = 1, m = −1 V (2.1) ), a (b − 1)d−1 − (1 − b)d1 = −2d0 = 0. TX
b 6= 1, RC d−1 = −d1.
(3) p (2.1) )w n = 1, a
(m− 1)dm+1 = (m+ b)dm − (1 + bm)d1. (2.2)p (2.1) )w n = −1 -R m+ 1 bL m, a




v0. WTK% 1.2.4 , D(C) = 0 = C · d1b v0.RC D = D d1
b
v0
∈ Inn(V ir, V ). JK Der(V ir, V )0 ⊆ Inn(V ir, V ). 2 T 1.2.7 :. a = 0, b = 1. Y φ ` V ir ) V +oq}XGÆ φ(xm) =
m2vmφ(C) = 0. 
Der(V ir, V )0 = Cφ⊕ CDv0 .I: TX Dv0(xm) = mvm, φ(xm) = m2vm, RC Dv0 < φ&,. x ∀m,n ∈ Z,
x ∈ V ir, U
φ([xn, xm]) = (m− n)φ(xm+n) + 0 = (m− n)(m+ n)
2vm+n
= xn ·m
2vm − xm · n
2vn = xn · φ(xm) − xm · φ(xn),













-y  ^ 9	KM Der(V ir, V )0 ⊆ Cφ ⊕ CDv0 .  D ∈ Der(V ir, V )0. TK% 1.2.4 












Dv0 . RC Der(V ir, V )0 ⊆ Cφ⊕ CDv0 . 2 T 1.2.8 :. a = 0, b = 2. Y ψ ` V ir ) V +oq}XGÆ ψ(xm) =
m3−m
6
vm, ψ(C) = 0. 
Der(V ir, V )0 = Cψ ⊕ CDv0 .I: TX Dv0(xm) = 2mvm, ψ(xm) = m3−m6 vm, RC Dv0 < ψ &,. x
∀m,n ∈ Z, x ∈ V ir, U







vm − xm ·
n3−n
6
vn = xn · ψ(xm) − xm · ψ(xn),
ψ([C, x]) = ψ(0) = 0 = C · ψ(x) − x · ψ(C).RC ψ ∈ Der(V ir, V ). JK Cψ ⊕ CDv0 ⊆ Der(V ir, V )0.	KM Der(V ir, V )0 ⊆ Cψ ⊕ CDv0 .  D ∈ Der(V ir, V )0. TK% 1.2.4 D(C) = 0. x ∀m ∈ Z, e D(xm) = dmvm. r b = 2 V (2.1) ), ->Mw
(n,m) = (0, 1), (1,−1), (2,−2), (1, m) a
d0 = 0, d1 = −d−1, d2 = −d−2, (m− 1)dm+1 = (m+ 2)dm − (1 + 2m)d1,{{a
dm = md1 +
m3 −m
6
(d2 − 2d1), ∀m ∈ Z.JK D = (d2 − 2d1)ψ + d12 Dv0 . RC Der(V ir, V )0 ⊆ Cψ ⊕ CDv0 . 2 T 1.2.9 :. a = 0, b = 0. Y θ1, θ2 ` V ir ) V +oq}XGÆ θ1(xm) =
vm, θ2(xm) = mvm, θ1(C) = θ2(C) = 0. 
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